OPERATOR HOLDER ZYGMUND FUNCTIONS 



A.B. ALEKSANDROV AND V.V. PELLER 

Abstract. It is well known that a Lipschitz function on the real line does not have 
to be operator Lipschitz. We show that the situation changes dramatically if we pass 
to Holder classes. Namely, we prove that if / belongs to the Holder class A Q (R) with 
< a < 1, then ||/(A) — f(B)\\ < const \\A — B\\ a for arbitrary self-adjoint operators 
A and B. We prove a similar result for functions / in the Zygmund class Ai(R): for 
arbitrary self-adjoint operators A and K we have \\f(A - K) - 2f(A) + f{A + K)\\ < 
const ||-K"||. We also obtain analogs of this result for all Holder-Zygmund classes A a (R), 
q > 0. Then we find a sharp estimate for — /(-B)|| for functions / of class 

A^ c = f {/ : ujf(S) < const w(<5)} for an arbitrary modulus of continuity lo. In particular, 
we study moduly of continuity, for which — f(B) | < const <^(||j4 — B\\) for self- 

adjoint A and B, and for an arbitrary function / in A^. We obtain similar estimates 
for commutators f(A)Q — Qf(A) and quasicommutators f(A)Q — Qf(B). Finally, we 

m f rn\ 

estimate the norms of finite differences £ (-1)™-' f(A + jK) for / in the class 

A^, m that is defined in terms of finite differences and a modulus continuity lo of order 
m. We also obtaine similar results for unitary operators and for contractions. 
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1. Introduction 



It is well known that a Lipschitz function on the real line is not necessarily operator 
Lipschitz, i.e., the condition 

\f(x)-f(y)\ < const \x-y\, x,yeR, 

does not imply that for self-adjoint operators A and B on Hilbert space, 

\\f(A)-f(B)\\ < const \\A- B\\. 

The existence of such functions was proved in [Fl]. Later in [Pel] necessary conditions 
were found for a function / to be operator Lipschitz. Those necessary conditions also 
imply that Lipschitz functions do not have to be operator Lipschitz. In particular, it 
was shown in [Pel] that an operator Lipschitz function must belong locally to the Besov 
space Bl(M.) (see §2 for an introduction to Besov spaces). Note that in [Pel] and [Pe3] 
a stronger necessary condition was also obtained. 

It is also well known that a continuously differentiable function does not have to be 
operator differentiable. Moreover, the fact that / is continuous differentiable does not 
imply that for bounded self-adjoint operators A and K the function 

t ' ^ f(A + tK) 

is differentiable. For / to be operator differentiable it must satisfy the same necessary 
conditions [Pel], [Pe3]. (Note that Widom posed in [W] a problem entitled "When are 
differentiable functions differentiable?") 

On the other hand it was proved in [Pel] and [Pe3] that the condition that a function 
belongs to the Besov space B^ ol (R) is sufficient for operator Lipschitzness (as well as for 
operator differentiability). We also mention here the papers [JW], [ABF], [KS1], [KS2], 
[KS3], and [KST] that study operator Lipschitz functions. 

Many mathematicians working on such problems in perturbation theory believed that 
a similar situation occurs when considering Holder classes of order a and operator Holder 
classes of order a, < a < 1. In particular, Farforovskaya obtained in [Fl] the following 
estimate 

||/(,4) - f(B)\\ < const ||/|| Aa(K) (log| j^=^ + l) \\A - B\\ a 

for self-adjoint operators A and B with spectra in [a, b] and for an arbitrary function / 
in A a (R), < a < 1. She also obtained the same inequality for a = 1 and a Lipschitz 
function / (see also [F2]). 

However, we show in this paper that the situation changes dramatically if we consider 
Holder classes A a (R) with < a < 1. In this case Holder functions are necessarily 
operator Holder, i.e., the condition 

\f(x)-f(y)\ < const \x-y\ a , x,yeR, (1.1) 

implies that for self-adjoint operators A and B on Hilbert space, 

H/04) - f(B)\\ < const \\A- B\\ a . (1.2) 
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Note that the constant in (1.2) depends not only on the constant in (1.1), but also on a 
and must tend to infinity as the constant in (1.1) is fixed and a goes to 1. 

We consider in this paper the same problem for the Zygmund class Ai(R), i.e., the 
problem of whether a function / in the Zygmund class Ai (i.e., / is continuous and 
satisfies the inequality 

\f(x + t) - 2f(x) + f(x - t)\ < const \t\, x, t € R) 

implies that / is operator Zygmund, i.e., for arbitrary self-adjoint operators A and K, 

||/(,4 + K) - 2f(A) + f(A -K)\\< const \\K\\. 

This problems was posed in [F3]. 

We show in this paper that the situation is the same as in the case of Holder classes 
A a (R), < a < 1. Namely we prove that a Zygmund function must necessarily be 
operator Zygmund. 

We also obtain similar results for the whole scale of Holder-Zygmund classes A a ( 
< a < oo, of continuous functions / satisfying 



E(-ir- fe (i) f(x+kt) 



< const \t\ a (here n — 1 < a < n). 



There are many natural equivalent (semi)norms on A a (R), for example, 



sup |t| a 



k 

k=0 



^(_l)n-fc » \f(x + kt) 



The above results are obtained in § 4. In Sections 5 and 6 we obtain analogs of these 
results for unitary operators and for contractions. 

In § 7 we estimate ||/(-A) — f(B)\\ in terms of \\A — B\\ for functions / of class A w , (i.e., 
\f(x) — f(y)\ < const uj(\x — y\) ) for arbitrary moduli of continuity to. In particular, we 
study those moduli of continuity, for which the fact that / G A w implies that 

||/(A)-/(5)||< const W (P-B||) 

for arbitrary self-adjoint operators A and B. We compare this class of moduli of conti- 
nuity with the class of moduli of continuity u, for which the Hilbert transform acts on 
Ao,. 

In § 8 we study the class of operator continuous functions and for a uniformly contin- 
uous function / we introduce the operator modulus of continuity Q,f. The material of § 9 
is closely related to that of § 8. We construct a universal family {At}t>o of self-adjoint 
operators in the sense that to compute J7j for arbitrary /, it suffices to consider the 
family {A t } t >o- 

Section 10 is devoted to norm estimates for commutators f{A)Q — Qf{A) and qua- 
sicommutators f(A)Q — Af(B). We compare the operator modulus of continuity with 
several other moduli of continuity defined in terms of commutators and quasicommuta- 
tors. 
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In the last section we obtain norm estimates for finite differences 

TO , s 

"£(-l) m - j r)f(A + jK), (1.3) 

where / belongs to the class A Wim that is defined in terms of finite differences and uj is 
a modulus of continuity of order m. 

In § 2 we collect necessary information on Besov classes (and in particular, the Holder- 
Zygmund classes), and spaces and A Wim . In § 3 we give a brief introduction into double 
and multiple operator integrals. 

Note that the main results of this paper were announced in [API]. In [AP2] we are 
going to study the problem of the behavior of functions of operators under perturbations 
of Schatten-von Neumann class S p . We are going to study properties of functions of 
perturbed dissipative operators in [AP4], where we improve results of [Nab]. 

Finally, we would like mention that Farforovskaya and Nikolskaya have informed us 
recently that they had found another proof of the fact that a Holder function of order 
a, < a < 1, must be operator Holder of order a. 



2. Function spaces 



2.1. Besov classes. The purpose of this subsection is to give a brief introduction 
to the Besov spaces that play an important role in problems of perturbation theory. We 
start with Besov spaces on the unit circle. 

Let 1 < p, q < oo and s£R, The Besov class Bp q of functions (or distributions) on 
T can be defined in the following way. Let w be an infinitely differentiable function on 
R such that 



w > 0, supptt; C 



(2.1) 



, and w(x) = 1 — w (J^j for x G [1, 2]. 
Consider the trigonometric polynomials W n , and wt defined by 
W n (z) =J2 W (^) zk > W (z)=z + l + z, and W*(z) = WJz), n>0 

Then for each distribution / on T, 



n>0 



n>l 



The Besov class B s pq consists of functions (in the case s > 0) or distributions / on T such 
that 



\r s f*W n \\ Lv } n>l ^P and {\\2 ns f*Wl\\ Lv } n>1 £l«. 



(2.2) 



To define a regularized de la Vallee Poussin type kernel V n , we define the C°° function 
v on R by 

v(x) = l for x€[-l,l] and v(x) = w(\x\) if |x| > 1, (2.3) 
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where w is a function described in (2.1). Then the trigonometric polynomial V n is defined 
by 



Besov classes admit many other descriptions. In particular, for s > 0, the space Bp q 
admits the following characterization. A function f £ L p belongs to Bp q , s > 0, if and 
only if 



I T |1 - t| 1+s <? 
and 



/ 



A n /II 9 

aP dm(r) < oo for r/ < \ 



II An iM| 

sup ", T - / ^ P < oo for q = oo, (2.4) 



II - t\ s 



where m is normalized Lebesgue measure on T, n is an integer greater than s, and A T , 
r G T, is the difference operator: 

(A T /)(C) = /(rC)-/(C), C6T. 
We use the notation Bp for Bp p . 

dcf 

The spaces A a = B^ form the Holder-Zygmund scale. If < a < 1, then / G A a if 
and only if 

|/(C) ~f(r)\< const \C-r\ a , (, r G T, 
while / G Ai if and only if / is continuous and 

|/(Cr) - 2/(C) + f((f)\ < const 1 1 - r|, r G T. 

By (2.4), a > 0, / G A a if and only if / is continuous and 

|(A?/)(C)|< const |1-t| q , 

where n is a positive integer such that n > a. 

Note that the (semi)norm of a function / in A Q is equivalent to 

su P 2 na (||/*wg| L ~ + ||/*W*||l=o). 

n>l 

We denote by X a the closure of the set of trigonometric polynomials in A a . It is easy 
to see that / belongs to A a if and only if 

lim 2 na ||/*Wg| L oo = lim 2 na \\f*Wl\\ L oo = 0. 
If a > 0, this is equivalent to the fact that 

r-»l |l-r| a 

It is well known that the dual space (X a )* can be identified naturally with the Besov 
space B^ a with respect to the following pairing: 



(f,g) = Y,f(n)g(n) 
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in the case when g is trigonometric polynomial. It is also well known that the dual space 
(B± a ) can be identified naturally with the space A a with respect to the same pairing. 
It is easy to see from the definition of Besov classes that the Riesz projection P + , 

P+/ = 

n>0 

is bounded on B pq . Functions in (B pq ) + d = ¥ + B pq admit a natural extension to analytic 
functions in the unit disk D. It is well known that the functions in (B pq ) + admit the 
following description: 

fe{B s pq ) & / 1 (l-r)^)- 1 ||/(")||^r<cx), q < oo, 
J o 

and 

/ e (B s poo ) * sup (1 -rr- s \\fW\\ p < oo, 

^ 0<r<l 

where f r (() == f(r() and n is a nonnegative integer greater than s. 

Let us proceed now to Besov spaces on the real line. We consider homogeneous Besov 
spaces B s pq (R) of functions (distributions) on R. We use the same function w as in (2.1) 

and define the functions W n and W| on R by 

FW n (x) = w(^), FW*(x) = FW n (-x), neZ, 
where T is the Fourier transform: 

(Ff)(t)= [ f(x)e- ixt dx, feL 1 . 
With every tempered distribution / G ^'(R) we associate a sequences {/ n }nez, 

fn = f * W n + / * Wl 

Initially we define the (homogeneous) Besov class B pq (M.) as the set of all / G ^'(R) 
such that 

{2 ns \\f n \\ LP } n& G t\7L). (2.5) 

According to this definition, the space B pq (R) contains all polynomials. Moreover, the 
distribution / is defined by the sequence {/ n } n ez uniquely up to a polynomial. It is easy 
to see that the series En>o converges in ^"(R). However, the series En<o fn can 

(V) 

diverge in general. It is easy to prove that the series E ra <o /« converges on uniformly R 

for each nonnegative integer r > s — l/p. Note that in the case q = 1 the series En<o fn^ 
converges uniformly, whenever r > s — 1/p. 

Now we can define the modified (homogeneous) Besov class B pq (M). We say that a 

distribution / belongs to B s pq (R) if {2 ns \\f n \\ LP } n& G t?(Z) and /W = E„ e z/» r) ^ 
the space J7"(M), where r is the minimal nonnegative integer such that r > s — l/p 
(r > s — 1/p if q = 1). Now the function / is determined uniquely by the sequence 
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{fn}n&z up to a polynomial of degree less that r, and a polynomial ip belongs to Bp q (R) 
if and only if deg ip < r. 

We can also define de la Vallee Poussin type functions V n , n G Z, by 

^.(X) = t, (£) , 

where v is a function given by (2.3). 

We use the same notation V n , W n and W n for functions on T and on R. This will not 
lead to a confusion. For positive n we can easily obtain the function V n on the circle 
from the corresponding function V n on the line. It suffices to consider the 27r-periodic 
function 

^2V n {x + 2j7T) 

and identify it with a function on T. The same can be done with the functions W n and 

wl 

Besov spaces B s pq (M) admit equivalent definitions that are similar to those discussed 
above in the case of Besov spaces of functions on T. In particular, the Holder-Zygmund 

classes A Q (R) = B° (M), a > 0, can be described as the classes of continuous functions 
/ on R such that 

| (A™/) (x)| < const teR, 

where the difference operator A t is defined by 

(A t f)(x) = f(x + t)-f(x), xGR, 

and m is an integer greater than a. 

As in the case of functions on the unit circle, we can introduce the following equivalent 
(semi) norm on A Q (R): 

sup 2 na {\\f * W n \\ L ~ + ||/ * Wl\\ L oo), f g A Q (R). 

Consider now the class A a (R), which is defined as the closure of the Schwartz class 
^(R) in A Q (R). The following result gives a description of A Q (R) for a > 0. We use the 
following notation: Cq(M) stands for the space of continuous functions / on R such that 

hm f(x) = 0; f n = f * W n + f * Wl 

\x\— >oo 

Theorem 2.1. Let a > and let m be the integer such that m — 1 < a < m. Suppose 
that f G A a (R) . The following are equivalent: 

(i) / G A Q (R); 

(ii) fn £ Co(R) for every n£Z and 

hm 2 na \\f n \\ L ~ =0; 

\n\— »oo 

(iii) the following equalitites hold: 

lim \t\~ a (A™ f) (x) = uniformly in x G R, 

lim \t\~ a (A™/) (x) = uniformly in x G R, 
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and 



lim \t\~ a (A r t n f)(x) = uniformly in t € R\ {0}. 



Proof. (ii)=>(i). It follows from the definition of A a (M) in terms of convolutions with 



W n and Wl that 



lim 



N 



/- E /« 



n=—N 



= 0. 



Thus it suffices to prove that / n G A Q (R). However, this is a consequence of the following 
easily verifiable fact: 



lim sup 



£^0 



e~^ 2 f n (x)) U) - tt\x) 



for all j > 0. 



The implication (i)=>(iii) follows very easily from the fact that (iii) holds for all func- 
tions in =y(R) which can easily be established. 

It remains to show that (iii) implies (ii). Consider the function Q n defined by 



«»w = f^" 1 ''" 1 (*) l v " (!) 



(2.6) 



It is easy to see that 



f(x) ~ (f * Qn) (x) = f(x) - jf /(X " t) f^-l)*" 1 Q (j) eft 

= /(*) + / f>l) fc W /(* - kt)V n (t) dt 
jR k=i ^ ' 

[A m t f)(x)V n (t)dt. 



(2.7) 



Hence, 



sup 



(A? t /)(x)y n (t)dt 



t a 2- 



-V{t)\t\ a dt 



as Inl — > 00 



by the Lebesgue dominant convergence theorem. 

Let us observe now that suppjFQ n c [ — 2 n+1 , 2 n+1 ] , and so 

11/ - / * K||l°° = 11/ - / * Qn-1 -(/-/* Qn-l) * V^Hioo 

< 11/ " / * Qn-llUoc + ||(/-/* Qn-l) * V n \\ L oo 

< const ||/ - /*Q n _i|| L oo 



which immediately implies that 

hm 2 an \\f n \\ L ~ =0. 

Similarly, we can prove that / — / * Q n G Co(R) and f n G Co(M). ■ 

The dual space (A a (R))* to A Q (R) can be identified in a natural way with i? 1 Q (R) 
with respect to the pairing 

N 

(f,g) d ^ Jim ^ (F(f n ))(t){Fg)(t)dt, f G A Q (R), 5 G 5f a (M). 

The dual space (Sf a (R))* to 5f a (R) can be identified with A Q (R) with respect to the 
same pairing. 

We refer the reader to [Pee] and [Pe4] for more detailed information on Besov spaces. 
We conclude this subsection with the following result that will be used in § 4. 

Theorem 2.2. Let a > 0. Then for each e > and each function f G A a (R) there 
exists a function g G A a (R) with compact support such that f(t) = g(t) for t G [0, 1] and 

\\g\\A a < const ||/||a q +e, 
where the constant can depend only on a. 

To prove Theorem 2.2, we use the well-known fact that if ip and / are functions in 
A a (R) and ip has compact support, then ipf G A Q (R). We refer the reader to [T], Section 
4.5.2 for the proof. 

Lemma 2.3. Let a > and let P be a polynomial whose degree is at most a. Then 
for an arbitrary e > there exists a function f G A Q (R) with compact support such that 

/|[0,1]=P|[0,1] and ||/|| Aa(M) < e. 

Proof. It suffices to consider the case when P{x) = x n with n < a. Assume first 
that n < a. Let g be an arbitrary function in A a (R) with compact support and such 
that g(x) = x n for x G [0, 1]. For t G (0, 1), we define the function g t by 

g t {x) = r n g{tx). 

It is easy to see that gt(x) = x n for x G [0, 1] and 

llfftlU a (R) = * a_ri ||5'llA a (R) ^0 as t -> 0. 

Suppose now that a is an integer and n = a. It is well known that the function h 
defined by h(x) = x n log|a;| belongs to A n (R). Multiplying it by a suitable function in 
A n (R) with compact support, we obtain a function g G A n (R) with compact support 
such that g(x) = x n log |x| for x G [0, 1]. For t G (0, 1), we define the function g t by 

g t (x) = (t~ n g(tx) -g{x))/\ogt. 

Then g t (x) = x n for x G [0, 1] and 

||St||A„(R) < 2|logt| _1 ||5(|| An{]R) as t-»0. ■ 
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Proof of Theorem 2.2. Let tp be a function in A Q (R) with compact support. We 
fix a subset A of [0, 1] that has n elements, where n is the largest integer such that 
n < a + 1. It follows from the closed graph theorem that ||y/||A a < C(ip, a, A)||/|| Aa 
for every / G A Q that vanishes on A. It remains to observe that an arbitrary function 
in A Q can be represented as the sum of a polynomial of degree at most a and a function 
A a vanishing on A. ■ 

2.2. Spaces A w . Let w be a modulus of continuity, i.e., w is a nondecreasing 
continuous function on [0, oo) such that uj(0) = 0, lo(x) > for x > 0, and 

w{x + y) < uj(x) + co(y), x, y G [0, oo). 

We denote by A W (R) the space of functions on R such that 

I, -I, def \f(x)-f(y)\ 

II/"mr)-^p .(|*- y |) • 

We also consider in this paper the spaces A w of functions on the unit circle and (A w ) + 
of functions analytic in the unit disc that can be defined in a similar way. 

Theorem 2.4. There exists a constant c > such that for an arbitrary modulus of 
continuity to and for an arbitrary function f in A W (R), the following inequality holds: 

<ca,(2-")||/|| Aw(ffi) , neZ. (2.8) 

Proof. We have 

\f{x)-{f*V n ){x)\=2 n [ {f(x)-f(x-y))V(2 n y)dy 

Jr 

l) I "(M) l^(2 n y)| dy 
JR 

2 n ||/lk(R) f u{\y\) \V {2 n y)\ dy 

poo 

4R) / co(y) \V(2 n y)\ dy. 



< 2 n 



+ 2 n+1 
Clearly, 



2 n [ u(\y\) \V(2 n y)\ dy < u(2~ n ) \\V\\ L i. 

7-2-" 

On the other hand, keeping in mind the obvious inequality 2~ n u{y) < 2ya->(2~ n ) for 
y > 2~ n , we obtain 

/*oo roo 

2 n+1 / u{y) \V (2 n y)\ dy < 4 • 2 2n u{2- n ) / y \V (2 n y)\ dy 

/oo 
V \V(y)\ dy < const w(2~ n ). 

This proves (2.8). ■ 
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Remark. A similar inequality holds for functions / on T of class A^: 

||/- /* V n \\ L <*> < const u(2- n )\\f\\ Aui , n>0. 

To prove it, it suffices to identify / with a 27r-periodic function on R and apply Theorem 
2.4. 

Corollary 2.5. Let / G A W (R). Then 

||/*W n || L =o <const^(2- n )||/|| Atj(R) , neZ, 

and 

II/* W«|U«> <consta;(2-")||/|| Aw{M) , n G Z. 

2.3. Spaces A U)m . We proceed now to moduli of continuity of higher order. For a 
continuous function / on R, we define the mth modulus of continuity w/, m of / by 

u f , m (x)= sup ||A£7|U = sup ||A^/|| ioo , x>0. 

{h:0<h<x} {h:0<\h\<x} 

The following elementary formula can easily be verified by induction: 

m ( \ 

(Aft/) (x) = - (A™/) (x + . (2.9) 

j=0 V 7 J 

It follows from (2.9) that w/ >m (2x) < 2 m ujf^ m (x), x > 0. 

Suppose now that w is a nondecreasing function on (0, oo) such that 

limw(s) = and u(2x) < 2 m u(x) for x > 0. (2.10) 

x^O 

It is easy to see that in this case 

w(fcr) < 2 m t m u(x), for all x > and t > 1. (2.11) 

Denote by A^ irn (R) the set of continuous functions / on R satisfying 

dcf ||Ap/|| L ~ 
ll/IU w , m (ffi) = sup — — < +oo. 

Theorem 2.6. There exists c > such that for an arbitrary nondecreasing function 
lo on (0, oo) satisfying (2.10) and for an arbitrary function f G A Wim (R), the following 
inequality holds: 

11/ - / * V n \\ L ~ < cu(2~ n ) ||/|| A ^ m ( R ), n G Z. 
Proof. Consider the function Q n defined by (2.6). Applying formula (2.7), we obtain 

\f(x)-(f*Qn)(x)\= [ (A m t f)(x)V n (t)dt <||/|| A _ W / u(\t\)\V n (t)\dt. 
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It follows from (2.11) that 

p p2" poo 

/ u{\t\)\V n (t)\dt= / {\t\)\V n (t)\dt + 2 n+l / u(t)\V{2 n t)\dt 

JR J-2~ n J2~ n 

poo 

< \\V n \\ L iu}(2- n ) +2 n+1 -2 m ( n+1 )^(2" n ) / t m \V(2 n t)\dt 

/oo 
t m \V{t)\dt < const uj(2' n ). 

Summarizing the above estimates, we obtain 

11/ - / * Q„||l<» < const cj(2- n ) ||/|| A „, m (R). 
As in the proof of Theorem 2.1, we have 

11/ - / * V n \\ L oo = ||/ - / * Q n _ ± -(/-/* Q„-l) * V n \\ L oo 

< 11/ - / * Qn-l||L- + ||(/ " / * Qn-l) * V n \\ L - 

< const ||/- /*Q„_i||l«> < const u;(2 _n )||/|| Aw m(]R) . ■ 
Corollary 2.7. Lei / G A, |m (l). Then 

||/*W n ||Loo <consta;(2- n )||/|| Aw(M) , neZ, 

and 

||/*W||| L ~ <consta;(2-)||/|| Aw{M) , n G Z. 

Remark. As in the case m = 1, a similar result holds for the space m of functions 
on the unit circle, which consists of continuous / functions such that 



def 



... ,A»/)(Q| 

r^l Will — T\ 



Again, identifying a function / in A Wim with a 27r-periodic function on M, we can see 
that 

||/- f*V n \\ L o B < const u(2~ n ) H/ll Vm , n>0. 



3. Multiple operator integrals 



3.1. Double operator integrals. In this section we give a brief introduction in the 
theory of double operator integrals developed by Birman and Solomyak in [BS1], [BS2], 
and [BS3], see also their survey [BS5]. 

Let (X, Ei) and (y, E2) be spaces with spectral measures Ei and E2 on Hilbert spaces 
Hi and Ti.2- Let us first define double operator integrals 

<f>(x,y)dEi{x)QdE 2 (y), (3.1) 

x y 
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for bounded measurable functions <E> and operators Q : TL 2 — > Hi of Hilbert-Schmidt 
class S 2 - Consider the set function F whose values are orthogonal projections on the 
Hilbert space S 2 {'H2,'Hi) °f Hilbert-Schmidt operators from 7i 2 to Hi, which is defined 
on measurable rectangles by 

F(Ai x A 2 )Q = £?i(Ai)Q^(A 2 ), Q € S 2 (n 2 ,H 1 ), 

Ai and A 2 being measurable subsets of X and 3^- Note that left multiplication by 
E'i(Ai) obviously commutes with right multiplication by £2^2). 

It was shown in [BS4] that F extends to a spectral measure on X x y. If $ is a 
bounded measurable function on X x y, we define 



// 

x y 



$(x,y) dE l (x)QdE 2 (y) 



$dF\Q. 



Clearly, 



J J <S>(x,y)dE 1 (x)QdE 2 (y) 



x y 



< ll$l 



L°° 



\\Q\\s 2 . 



s 2 



If the transformer 



Q~JJ Hx,y)dE 1 (x)QdE 2 (y) 



x y 

maps the trace class S\ into itself, we say that $ is a Schur multiplier of Si associated 
with the spectral measures E\ and E 2 . In this case the transformer 



Q»J J Hx,y)dE 2 (y)QdE 1 (x), Q G S 2 (H\,H 2 ), 



(3.2) 



y x 



extends by duality to a bounded linear transformer on the space of bounded linear 
operators from Hi to H 2 and we say that the function ^ on X 2 x X\ defined by 

*(y,s) = $(x,y) 

is a Schur multiplier of the space of bounded linear operators associated with E 2 and E\ . 
We denote the space of such Schur multipliers by VJl(E 2 , E\). 

To state a very important formula by Birman and Solomyak, we consider for a con- 
tinuously differential function / on R, the divided difference Df, 

dcf f(x) - f(y) 



x + y, (Df)(x,x) d = f{x) x,y€ 



x-y 



Birman in Solomyak proved in [BS3] that if A is a self-adjoint operator (not necessarily 
bounded), K is a bounded self-adjoint operator, and / is a continuously differentiable 
function on R such that Df € TI(Ea+k , Ea), then 



f(A + K)-f(A)= J! (Df)(x,y)dE A+K (x)KdE A (y) 



(3.3) 
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and 

\\f(A + K)-f(A)\\ < const \\®f\\ m \\K\\, 

where ||2)/||ajt is the norm of Df in 2JI(Ea+k, Ea)- 

A similar formula and similar results also hold for unitary operators, in which case 
we have to integrate the divided difference 2)/ of a function / on the unit circle with 
respect to the spectral measures of the corresponding operator integrals. 

It is easy to see that if a function $ on X x y belongs to the projective tensor product 
L 00 (Ei)<g)L 00 (E 2 ) of L°°(Ei) and L°°(E 2 ) (i.e., $ admits a representation 

v) = Yl Vn{x)i) n {y), (3.4) 

n>0 

where ip n G L°°(Ei), ip n G L QO (E 2 ), and 

5^ HV'nlU^ < oo), (3.5) 

n>0 

then <E> G 9Jl(Ei, E 2 ), i.e., $ is a Schur multiplier of the space of bounded linear operators. 
For such functions we have 



y n dE 1 Q ip n dE 2 \. 



J J 3>{x,y)dE 1 (x)QdE 2 (y)=Y J 
x y n -° \x / \y 

Note that if $ belongs to the projective tensor product L°°{Ei)®L' x '{E 2 ), its norm in 
L 00 {E\)®L CO (E 2 ) is, by definition, the infimum of the left-hand side of (3.5) over all 
representations (3.4). 

More generally, $ is a Schur multiplier if <E> belongs to the integral projective tensor 
product L°° (E^&iL 00 (E 2 ) of L°°(Ei) and L°°(£ 2 ), i-e., $ admits a representation 



$(x,y)= / ^>(x,uj)ip(y,uj)da(uj), 
Jn 



where (fi, a) is a measure space, if is a measurable function on X x $7, ip is a measurable 
function on ^ x 11, and 



/ 



||y(-,w)|| £ oo( Bl )||V'(-,w)||L<»(^)d^H < oo. 

n 



If $ € L 00 (Ei)<S>iL 00 (E 2 ), then 

<5>(x,y)dE 1 (x)QdE 2 {y)=J J ip(x,uj) dE 1 (x)\ Q I J ^{y,u) dE 2 {y) Ur(u;).(3.6) 



xxy n \x / \y 

Clearly, the function 
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J <p(x,u)dE 1 (x)j QyJ 4>{y,uo)dE 2 {y) 
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is weakly measurable and 

Lp(x,uj)dEi(x) I Q I J yiji ■)dE- 2 (j/) \ da(^) < x . 

Q. \x I \y 

It turns out that all Schur multipliers of the space of bounded linear operators can be 
obtained in this way (see [Pel]). 

In connection with the Birman-Solomyak formula, it is important to obtain sharp 
estimates of divided differences in integral projective tensor products of L°° spaces. It 
was shown in [Pel] that if / is a trigonometric polynomial of degree d, then 

pf\\ cm ®c(V- constdmL ~- (3 - 7) 
On the other hand, it was shown in [Pe3] that if / is a bounded function on R whose 
Fourier transform is supported on [— a, a] (in other words, / is an entire function of 
exponential type at most a that is bounded on R), then Df G L 00 ®;^ 00 and 

ll^/IL-^L- - const o-||/ 1| iooQR). (3.8) 

Note that inequalities (3.7) and (3.8) were proved in [Pel] and [Pe3] under the assumption 
that the Fourier transform of / is supported on Z + (or R+); however it is very easy to 
deduce the general results from those partial cases. 

Inequalities (3.7) and (3.8) led in [Pel] and [Pe3] to the fact that functions in B^ 
and 5^ ol (R) are operator Lipschitz. 

It was observed in [Pe3] that it follows from (3.3) and (3.8) that if / is an entire 
function of exponential type at most a that is bounded on R, and A and B are self- 
adjoint operators with bounded A — B, then 

< const o-||/|| L ooP-E||. 

Actually, it turns out that the last inequality holds with constant equal to 1. This will 
be proved in [AP3]. 

3.2. Multiple operator integrals. The approach by Birman and Solomyak to 
double operator integrals does not generalize to the case of multiple operator integrals. 
However, formula (3.6) suggests an approach to multiple operator integrals that is based 
on integral projective tensor products. This approach was given in [Pe5]. 

To simplify the notation, we consider here the case of triple operator integrals; the 
case of arbitrary multiple operator integrals can be treated in the same way. 

Let (X,Ei), (y,E2), and (Z,E^) be spaces with spectral measures Ei, E2, and E% 
on Hilbert spaces Hi, H2, and H3. Suppose that $ belongs to the integral projective 
tensor product L°° (Ei)®iL°° (I^)®^ 00 (-E3) , i.e., $ admits a representation 

®{x,y,z)= / ip(x,u)i>(y,u)x{z,u)d<T(uj), (3.9) 
Jn 

where (f2, a) is a measure space, <p is a measurable function on X x f2, ip is a measurable 
function on y x 0,, \ is a measurable function on Z x Q, and 

/ \M-,^)\\L^(E)\\^(-,^)\\L^(F)\\x{-,^)\\L-°(G)d<T{uj) < OO. 

Jn 
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Suppose now that 7\ is a bounded linear operator from TC 2 to Ti\ and T 2 is a bounded 
linear operator from 7i 3 to H 2 . For a function $ in L^Ei)®^^)®^ 00 ^) of the 
form (3.9), we put 

J J J $>(x,y,z)dE 1 (x)T 1 dE 2 (y)T 2 dE 3 (z) (3.10) 
x y z 



def 



J j V {x,uj)dE l {x) \tA J ^(y,u)dE 2 (y) T 2 Ij x (z , w) dE 3 (z) du{u). 



n \x / \y / \z 

It was shown in [Pe5] (see also [ACDS] for a different proof) that the above definition 
does not depend on the choice of a representation (3.9). 
It is easy to see that the following inequality holds 



j j J$(x,y,z) dE 1 (x)T 1 dE 2 (y)T 2 dE 3 (z) 



< II^IIl^loc^oc-II^ii-ii^ii. 



x y z 

In particular, the triple operator integral on the left-hand side of (3.10) can be defined 
if <I> belongs to the projective tensor product L oo (Ei)^)L oo ( K E2)0L oo ( K E 3 ), i.e., $ admits 
a representation 

®(x,y,z) = J2 l Pri(x)^n(y)Xn(z), 
n>l 

where ip n £ L°°(^ 1 ), Vn G L°°(E 2 ), X n € L°°(E 3 ) and 

'^2 \\Pn\\L° c (E 1 )\\'4>n\\L°°(E 2 )\\Xn\\L°°(E 3 ) < °°- 
n>l 

In a similar way one can define multiple operator integrals, see [Pe5]. 

Recall that multiple operator integrals were considered earlier in [Pa] and [St]. How- 
ever, in those papers the class of functions for which the left-hand side of (3.10) was 
defined is much narrower than in the definition given above. 

Multiple operator integrals are used in [Pe5] in connection with the problem of evaluat- 
ing higher order operator derivatives. To obtain formulae for higher operator derivatives, 
one has to integrate divided differences of higher orders (see [Pe5] ) . 

In this paper we are going to integrate divided differences of higher orders to estimate 
the norms of higher order differences (1.3). 

For a function / on the circle the divided differences D k f of order k are defined 
inductively as follows: 

3)°/ = /; 

if k > 1, then in the case when Ai, A 2 , • • • , Xk+i are distinct points in T, 

,^k nn x , def (S) fc - 1 /)(A 1 , • • • , A fc _ 1; Afc) - (S) fc ' 1 /)(A 1 , • • • , A fc _ 1; Afc+i) 
(£> J){M,--- ,*k+i) = : 7 

(the definition does not depend on the order of the variables) . Clearly, 
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If / G C k (T), then T) k f extends by continuity to a function defined for all points 
Ai, A2, • • • , Xk+i- 

It can be shown that 

n+l fc-1 n+l 

(D™/)(A 1 ,...,A n+1 )=^/(A fc )n(^-^) _i n (^-^-r 1 - 

fc=i 3=1 j=k+i 

Similarly, one can define the divided difference of order k for functions on the real 
line. 

It was shown in [Pe5] that if / is a trigonometric polynomial of degree d, then 

ll^/|lc(T)&...^(T)< COnStdfc |l/ll^- 

If / is an entire function of exponential type at most a that is bounded on R, then 

P k f\\ L o°®,..® iL °° ^ consta fc ||/|| L ^ (M) . (3.12) 

Note that recently in [JTT] Haagerup tensor products were used to define multiple 
operator integrals. However, it is not clear whether this can lead to stronger results in 
perturbation theory. 

3.3. Multiple operator integrals with respect to semi-spectral measures. 

Let TL be a Hilbert space and let (X, 03) be a measurable space. A map £ from 05 to the 
algebra 33(H) of all bounded operators on TL is called a semi-spectral measure if 

£(A) > 0, A G 23, 

8(0) = and £(X) = I, 
and for a sequence {Aj}j>i of disjoint sets in 03, 

(00 \ N 
Aj I = lim ~^2S(Aj) in the weak operator topology. 
i=i / N ~ ¥ °° 3=1 

If /C is a Hilbert space, (X, 03) is a measurable space, E : 03 —> SS(K) is a spectral 
measure, and TL is a subspace of /C, then it is easy to see that the map £ : 03 — > £$(TL) 
defined by 

£(A) = P H E(A)\H, A G 03, (3.13) 

is a semi-spectral measure. Here Pji stands for the orthogonal projection onto TL. 

Naimark proved in [Nai] that all semi-spectral measures can be obtained in this way, 
i.e., a semi-spectral measure is always a compression of a spectral measure. A spectral 
measure E satisfying (3.13) is called a spectral dilation of the semi-spectral measure £. 

A spectral dilation E of a semi-spectral measure £ is called minimal if 

K = closspan{£(A)H : A G 03}. 

It was shown in [MM] that if E is a minimal spectral dilation of a semi-spectral 
measure £ , then E and £ are mutually absolutely continuous and all minimal spectral 
dilations of a semi-spectral measure are isomorphic in the natural sense. 
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If ip is a bounded complex-valued measurable function on X and £ : *B — > £$(H) is a 
semi-spectral measure, then the integral 

/ <^(z)d£(z) (3.14) 
Jx 

can be defined as 

n, (3.15) 



d£(x) = P H ^ jf y>(x) d£(x; 



where E 1 is a spectral dilation of £ . It is easy to see that the right-hand side of (3.15) 
does not depend on the choice of a spectral dilation. The integral (3.14) can also be 
computed as the limit of sums 

over all finite measurable partitions {A Q } Q of X. 

If T is a contraction on a Hilbert space H, then by the Sz.-Nagy dilation theorem (see 
[SNF]), T has a unitary dilation, i.e., there exist a Hilbert space K. such that HcK and 
a unitary operator U on /C such that 

T n = P w f7 n |W, n > 0, (3.16) 

where Pn is the orthogonal projection onto H. Let E77 be the spectral measure of U . 
Consider the operator set function £ defined on the Borel subsets of the unit circle T by 

£(A) = P n Eu{A)\H, AcT. 

Then £ is a semi-spectral measure. It follows immediately from (3.16) that 

T n = f Cd£(() = P n I CdEu(0 H, n > 0. (3.17) 
J j J j 

Such a semi-spectral measure £ is called a semi-spectral measure of T. Note that it is not 
unique. To have uniqueness, we can consider a minimal unitary dilation U of T, which 
is unique up to an isomorphism (see [SNF]). 
It follows easily from (3.17) that 



f(T) = Pn I f{QdEu{Q 



H 



for an arbitrary function ip in the disk-algebra Ca- 

In [Pe2] and [Pe6] double operator integrals and multiple operator integrals with re- 
spect to semi-spectral measures were introduced. 

Suppose that (Xi,*Bi) and (A^,^) are measurable spaces, and £\ : Q3i — > £$(Hi) 
and £2 : %$2 —> ^^H.2) are semi-spectral measures. Then double operator integrals 

J J <f>(x 1 ,x 2 )d£ 1 {x 1 )Qd£ 2 (X 2 ). 

X!XX 2 

were defined in [Pe6] in the case when Q G S2 and $ is a bounded measurable function. 
Double operator integrals were also defined in [Pe6] in the case when Q is a bounded 
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linear operator and <5 belongs to the integral projective tensor product of the spaces 
L°°(£i) and L°°(£ 2 )- 

In particular, the following analog of the Birman-Solomyak formula holds: 

f(R)-f(T) = J! {Vf)(C,T)d£ R (C)(R-T)d£ T (T). (3.18) 

TxT 

Here T and R contractions on Hilbert space, £t and £r are their semi-spectral measures, 
and / is an analytic function in D of class (-B^) . 

Similarly, multiple operator integrals with respect to semi-spectral measures were 
defined in [Pe6] for functions that belong to the integral projective tensor product of the 
corresponding L°° spaces. 

We also mention here the paper [KS4], in which another approach is used to study 
perturbations of functions of contractions. 

4. Holder Zygmund estimates for self-adjoint operators 

In this section we show that Holder functions on R of order a, < a < 1, must also 
be operator Holder of order a. We also obtain similar results for all Holder-Zygmund 
classes A Q (R), < a < oo. For simplicity, we give complete proofs in the case of bounded 
self-adjoint operators and explain without details that similar inequalities also hold for 
unbounded self-adjoint operators. We are going to give a detailed treatment of the case 
of unbounded operators in [AP3]. 

We compare in this section our results with an inequality by Birman, Koplienko, and 
Solomyak [BKS]. 

Note that if A and B are self-adjoint operators, we say that the operator A — B is 
bounded if B = A + K for some bounded self-adjoint operator K. In particular, this 
implies that the domains of A and B coincide. We say that \\A — B\\ = oo if there is no 
such a bounded operator K that B = A + K. 

Theorem 4.1. Let < a < 1. Then there is a constant c > such that for every 
f G A a (R) and for arbitrary self-adjoint operators A and B on Hilbert space the following 
inequality holds: 

\\f(A)-f(B)\\<c\\f\\ Aa{R y\\A-B\r. 

Proof. If A and B are bounded operators, it follows from Theorem 2.2 that we may 
assume that / £ L°°(R) and we have to obtain an estimate for \\f(A) — f(B)\\ that does 

not depend Oil / TjOO . 

Put 

fn = f * W n + f * Wl 

Let us show that 

oo 

f(A)-f(B)= (MA) - f n (B)) (4.1) 

n=— oo 

and the series on the right converges absolutely in the operator norm. 
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For N G Z, we put 

9N = f *V N 

(recall that V/v is the de la Vallee Possin type kernel defined in § 2.1). Clearly, 

f = f*V N +Y,U 

n>N 

and the series on the right converges absolutely in the L°° norm. Thus 

f(A) = (f*V N )(A)+Y,fn(A) and f (B) = (f * V N ) (B) + f n (B) , 

n>N n>N 

and the series converge absolutely in the operator norm. We have 
f{A) - f(B) - £ (f n {A) - f n (B)) = if (A) - £ f n (A)) - (f(B) - £ f n (B)) 

n>N V n>N J V n>N J 

= g N (A)-g N (B). 

Since qn € L°°(R) and gjy is an entire function of exponential type at most 2 N+1 , it 
follows from (3.3) and (3.8) that 



g N {A) - g N (B)\\ < const 2*11/ * V N \\ L oo \\A - B\\ < const 2 JV ||/|| L oo \\A - B\\ -> 



as N — > -co. This proves (4.1). 

Let now N be the integer such that 



2"* < \\A - B\\ < 2 



-N+l 



(4.2) 



We have 



f{A) - f(B) = £ (/ B (A) - UB)) + ^ (/ B (A) - UB)). 



n<N 



n>N 



It follows from (2.5) and (4.2) that 



£ (/n(^) " /„(S)) 



< \\fn(A) - f n (B)\\ 

n<N 

< const 2n \\fn\\L°°\\A- B\ 

n<N 

< Y 2 n 2" 



\A-B\ 



n<N 



<const2 N ^\\f\\ Aa(R) \\A-B\\< 
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\A - B\\ a . 



On the other hand, 



n>N 



< 



E (ll/»(^)ll + ll/n(^)||) 



n>N 



< 2 E ll/nlk°° ^ const E 2 



—Net 



n>N 
< const 2 _iVQ 



Aa( 



n>N 

< const 



ii4-Bir 



by (4.2). This completes the proof in the case of bounded self-adjoint operators. 

In the case of unbounded self-adjoint operators the same reasoning holds if by 
f(A) — f(B) we understand the series 



J2(fn(A)-f n (B)), 



which converges absolutely. In [AP3] we are going to consider the case of unbounded 
self-adjoint operators in more detailed. ■ 

Remark. Note that Birman, Koplienko, and Solomyak obtained in [BKS] the follow- 
ing result: if A and B are positive self-adjoint operators and < a < 1, then 

\\A a - B a \\ < \\A - B\\ a . 

It follows from Theorem 4.1 that under the same assumptions 

\\A a -B a \\ < const \\A-B\\ a . 

Indeed, it suffices to apply Theorem 4.1 to the operators A, B and the function / G A a ( 
defined by f(t) = \t\ a , t G M. 

Let us now state the result for arbitrary Holder— Zygmund classes A Q ( 



Theorem 4.2. Let < a < m. Then there exists a constant c > such that for every 
self-adjoint operators A and K on Hilbert space the following inequality holds: 



3=0 V 7 



< C 



\K\\ a . 



We need the following lemma. 

Lemma 4.3. Let m be a positive integer and let f be a bounded function of class 



B™i(M.). If A and K are self-adjoint operators on Hilbert space, then 
jy-ir-i(J)f(A + jK) 

n\ J J (2) m /)(x!,--- ,x m+1 ) dE A ( Xl )K dE A+K {x 2 )K ■ ■ ■ K dE A+mK (x m+1 ). 



m+l 
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For simplicity, we prove Theorem 4.2 and Lemma 4.3 for m = 2. The general case can 
be treated in the same way. 

Proof of Lemma 4.3. In the case m = 2 we have to establish the following formula 
for 



f(A + K) - 2f(A) + f(A-K)=2jJ j(V 2 f)(x,y, z) dE A+K (x)K dE A {y)K dE A _ K {z) 
Put T = f(A + K) - 2f(A) + f(A - K). By (3.3), 

T = f(A + K)- f(A) - (f(A) - f(A - K)) 

= jj (Vf)(x,y)dE A+K (x)KdE A (y) - jj (ID f)(x,y) dE A (x)K dE A _ K (y) 

= jj (Vf)(x,y)dE A+K (x)KdE A (y) - jj (D f){x,y) dE A+K (x)K dE A _ K (y) 

+ jj (Vf)(x,y)dE A+K (x)K dE A _ K (y) - j j (Vf){x,y)dE A {x)KdE A _ K {y). 
We have 

j f (Kf){x,y)dE A+K {x)KdE A (y) - jj (®f)(x,y) dE A+K (x)K dE A _ K (y) 
= jj (®f)(x,y)dE A+K (x)K dE A (y) - jj (2) f)(x, z) dE A+K {x)K dE A _ K {z) 



(£/) (x, y) dE A+K (x)K dE A (y) dE A _ K (z) 

(2>/)(z, z) dE A+K {x)KdE A {y) dE A . K {z) 

{y - z)(® 2 f)(x, y, z) dE A+K {x)KdE A {y) dE A ^ K {z) 

= jjj (V 2 f)(x,y,z)dE A+K (x)K dE A {y)K dE A _ K {z). 
Similarly, 

j j (®f)(x,y)dE A+K (x)KdE A _ K (y) - jj (Vf)(x,y) dE A (x)K dE A _ K (y) 
= jjj (V 2 f)(x,y,z)dE A+K (x)K dE A {y)K dE A . K {z). 



Thus 



T = 2 jjj (® 2 f)(x,y,z)dE A+K (x)K dE A {y)K dE A ^ K {z). 
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Proof of Theorem 4.2. By Theorem 2.2, we may assume that / is a bounded 
function. 

We are going to use the same notation f n and as in the proof of Theorem 4.1. In 
the case when A and K are bounded self-adjoint operators we show that 

oo 

f(A + K)-2f(A) + f(A-K)= (fn(A + K)-2f n (A) + f n (A-K)), (4.3) 

n=— oo 

and the series converges absolutely in the operator norm. As in the proof of Theorem 
4.1, we can easily see that 

f(A + K) = (f* V N ) (A + K) + J2 UA + K), 

n>N 

f(A) = (f*V N )(A)+Y,fn(A), 

n>N 

and 

f(A -K) = (f* V N )(A -K) + J2 UA - K), 

n>N 

and the series converge absolutely in the operator norm. It follows that 
f(A + K) — 2f(A) + f(A-K)-J2 (fn( A + K)- 2f n (A) + f n (A - K)) 

n>N 

= (f(A + K)-J2 UA + K) J - 2 if {A) - Y, fn(A)) 

V n>N ) V n>N ) 

+ lf(A-K)- Y,UA-K)\ = gN (A + K)-2g N {A) + g N {A-K). 

V n>N J 

Since §n € L°°(R) and gw is an entire function of exponential type at most 2 N+1 , it 
follows from Lemma 4.3 and from (3.12) that 

\\g N (A + K)-2g N (A) + g N (A- K)\\ < const 2' 2N \\g N \\ L ^ \\K\\ 

< const 2~ 2Af ||/|| L oc ||K|| -> and m -> oo. 

This implies that the series on the right-hand side of (4.3) converges absolutely in the 
operator norm. 

As in the proof of Theorem 4.1, we consider the integer iV satisfying 

2~ N < \\K\\ < 2- N+1 . (4.4) 

Put now 

Ti = Yl (fn(A + K)- 2f n (A) + f n (A - K)) 



def 

n<N 



and 

n>N 
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It follows now from Lemma 4.3, from (4.4), and (3.12) that 

||Ti|| < Wfn( A + K )~ 2 U A ) + f n (A - K)\\ 



n<N 



= 2 E III (® 2 fn)(x,y,z)dE A +K(x)KdE A (y)KdE A - K (z) 

n<N J ^ 

< const £ 2 2 "||/ ri || L ^||^|| 2 < const £ 2 n ^ \\f\\ Aa{R) \\K\\ 2 

n<N n<N 

< const 2 N ^\\K\\ 2 \\f\\ Aam < const ||/|| Aa(M) ||if|r. 
On the other hand, by (4.4), 

||T 2 || < J2 II (fn( A + K )~ 2 fn( A ) + fn(A - K)) \\ 

n>N 

< 4 Y, Wfnh™ ^ COI1St E 2 "" a H/llA«(M) 

n>N n>N 

< const 2"^!^ II a ™ < const ||Al a 



lAa. 

As in the case a < 1, for unbounded self-adjoint operators we understand by 
f(A + K) - 2f(A) + f(A - K) the sum of the following series 

Y {fn(A + K) - 2f n (A) + f n (A - K)), 

which converges absolutely. We refer the reader to [AP3] where the case of unbounded 
self-adjoint operators will be considered in more detail. ■ 

Corollary 4.4. There exists a constant c > such that for an arbitrary function f 
in the Zygmund class Ai(M) and arbitrary self-adjoint operators A and K , the following 
inequality holds: 

||/(,4 + K) - 2f(A) + f(A -K)\\< c||/|| Al(M) ||iq. 

Remark. We can interpret Theorem 4.2 in the following way. Consider the measure 
!/ont defined by 



■in , <. 

v d = A^Sq = ^(-l)" 1 ^' (J) S-j, 



3=0 

where for a € M., 5 a is the unit point mass at a. Then 

E(-i) m - j (7) f( A + i«) = jf f( A - tK ) Mt). 

Clearly, v determines a continuous linear functional on A Q (IR) defined by 



/_> f f(t)dv(t). 
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In other words, v £ B 1 a (R) (see §2.1). We are going to generalize Theorem 4.2 to the 
case of an arbitrary distribution in B^ a (R). 

For simplicity, we consider here the case of bounded self-adjoint operators A. In [AP3] 
we will consider the case of an arbitrary (not necessarily bounded) self-adjoint operator 
A. 

It follows from Theorem 4.2 that for arbitrary vectors u and v in our Hilbert space H 
and for an arbitrary function / in A a (R), the function 

t»fi&(t) = {f(A-tK)u,v) 

belongs to A Q (R). Identifying the space A a (R) with the dual space to B7 a (see § 2.1), wc 
can consider for every distribution g in B7 a (M) the value (f^ v K , g) of f^ v K 6 (-Bj~ a (R))* 
at g. We define now the operator Q 9 A K : A a (R) — ► &(H) by 

((M"'^^-!?). /eA a (R), u,v€H. 

Theorem 4.5. Let a > 0. Then there exists c > such that for every self-adjoint 
operators A and K, for every f £ A a (R), and for every g G B^ a , 

ll^/ii ^cii/ii^wii^iiB-cRjii^ir- ( 4 - 5 ) 

Proof. Let m be the smallest integer greater than a. By Theorem 4.2, inequality 
(4.5) holds for g = A" 1 5q. Hence, the result also holds for g = A™<5 a for arbitrary 
h, aeR. 

To complete the proof, it suffices to use the following fact (see [A], Th. 3.1): if 
g e -Bf a (R), then g admits a representation in the form of a norm convergent series 

9 = J2 X i A hA' ^>«^R, 

such that 

N • \\ A hJ*j L r «(R) ^ const Wahrw ■ 

J>1 



5. The case of unitary operators 



In this section we obtain analogs of the results of the previous section for functions of 
unitary operators. We also obtain an estimate for ||/(C7) — /(V)|| for a function / in the 
Zygmund class Ai and unitary operators U and V. 

Theorem 5.1. Let < a < 1. Then there is a constant c > such that for every 
f £ A a and for arbitrary unitary operators U and V on Hilbert space the following 
inequality holds: 

\\f(U)-f(V)\\<c\\f\\ Aa -\\U-V\r. 
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Proof. Let / G A Q . We have 

/ = P+/ + P_/ = /+ + /- 

We estimate ||/ + (?7) — / + (V)||. The norm of f-(U) — f-(V) can be obtained in the same 
way. Thus we assume that f = f + . Let 



fn = f / * W n . 



Then 



/ = E/- 

n>0 

Clearly, we may assume that U ^ V. Let N be the nonnegative integer such that 



2~ N < \\U - V\\ < 2 



-iV+l 



(5.1) 



(5.2) 



We have 

W) - f(V) = £ (fn(U) ~ fn(V)) + £ (UU) - fn(V)). 

n<N n>N 

By the Birman-Solomyak formula for unitary operators and by (3.7), 



n<JV 



< EII/n(to-/»(to|| 

n<N 

< const Y,l n \\U -V\\-\\f n \\ L 

n<N 

< const ||?7 - 1^11 E 2 n 2-" 



n<N 



< const \\U - ^||2 Ar(1_a) ||/||A a < const \\U - V\ 



the last inequality being a consequence of (5.2). 
On the other hand, 



E (fn(U)-fn(V)) 



n>N 



< E 2||/n|U~ < const E 2 " 



n>N 



< const 2 



—Net 



n>N 



< const ||C/ - Fir 



Ac- 



To obtain an analog of Theorem 4.2 for unitary operator, we are going to represent a 
finite difference 



7 = 1 



for unitary operators U±, - ■ ■ , Un as a linear combination of multiple operator integrals. 

Note that algebraic formulae in the case of unitary operators are more complicated 
than in the case of self-adjoint operators. That is why we consider the case of unitary 
operators in more detail. 
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We first illustrate the idea in the special case N = 3. 

Let us show that for unitary operators U±, U 2 and U 3 and for / G 

/(£/!) - 2f(U 2 ) + f(U 3 ) =2 J! j'('D 2 f)((,T,v)dE 1 (()(U 1 - U 2 )dE 2 (r)(U 2 - U 3 )dE 3 {v) 

+ H(Vf)((,T)dE 1 (0(U 1 -2U 2 + U 3 )dE 3 (T). (5.3) 

Indeed, let T = f{Ui) - 2f(U 2 ) + f{U 3 ). Then 
T = f(U 1 )-f(U 2 )-(f(U 2 )-f(U 3 )) 

= H(Vf)((,T)dE 1 (()(U 1 -U 2 )dE 2 (T)- H(Vf)((,T)dE 2 (0(U 2 -U 3 )dE 3 (T) 

= JJ{^f){C,T)dE 1 {Q{U 1 -U 2 )dE 2 {r)- H(Vf)((,T)dE 1 (()(U 1 -U 2 )dE 3 (T) 

+ jj(Vf)((,T)dE 1 (C)(U 1 -U 2 )dE 3 (T)- JJ^mC^dE^O^-U^dE^r) 

+ JJ(Vf)(C,T)dE 1 (()(U 2 -U 3 )dE 3 (T)- JJ(Vf)(C,T)dE 2 (C)(U 2 -U 3 )dE 3 (T). 
We have 

J j (2>/)(C,T)d£7i(C)(tfi - U 2 )dE 2 (r) - J J (Vf)((,T)dE 1 (()(U 1 - U 2 )dE 3 (r) 
= JJ(Df)(C,T)dE 1 (0(Ui-U 2 )dE 2 (T)- Jj(Vf)((,v)dE 1 (()(U 1 -U 2 )dE 3 (v) 

= III (S)/)(C ' T) ^ l(C)([/l " ^ dE2{T) dEs{v) 
(Vf)((,v)dE 1 (0(U 1 - U 2 )dE 2 (r)dE 3 (v) 

= JJJ{r - v)(® 2 f)((, r, v) d£i(C)(tfi - f/ 2 ) d£ 2 (r) dE 3 {v) 

(® 2 f)((,T,v)dE 1 (()(U 1 - U 2 )dE 2 {T){U 2 - U 3 )dE 3 (v). 

Similarly, 

J j (S)/)(C,r) dEk{Q(U 2 - U 3 )dE 3 {r) - jj (2>/)(C,t) ^(0(^2 - U 3 )dE 3 {r) 
(® 2 f)((,T,v)dE 1 (()(U 1 - U 2 )dE 2 {T){U 2 - U 3 )dE 3 {v). 
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Finally, 



J j (®f)((,r)dE 1 (0(U 1 - U 2 )dE 3 (r) - jj (Vf)(t,T)dE 1 (()(U 2 - U 3 ) dE 3 {r) 
(2>/)(C, r) dE^QiUi - 2U 2 + U 3 ) dE 3 (r). ■ 



Consider now the general case. Suppose that U = {Uj}\ is a finite family of unitary 
operators. Denote by Ej the spectral measure of Ej. For 1 < j < k < N, we put 

k-j 



s=0 

Note that 



T(j,k)-T(j + l,k + l)=T(j,k + l), l<j <k<N-l. (5.4) 

Let J be a nonempty subset of {1,2,- •• ,N}. We denote by d = dj the number 
of elements of J. Suppose that J = {ji,j 2 ,--- -,3d}-, where j\ < j 2 < ■ ■ ■ < jd- For 
/ G we put 

lj(U,f) d ^ J ••• | (S)"- 1 /)^!,--- ,Cd)^i(Ci)II r O'»-i^'-) d£7 i.(C«)- 



s=2 



Though, we need the case, dj > 2, but we still can assume that (ij = 1, in which case 
we put 

lj(UJ) d ^ J f(OdE 3 (C), where J = {j}. 

We denote by 21 the collection of all finite subsets of the set of positive integers and 
by 21 n the collection of all subsets J £ 21 such that the maximal element of J is N. 

If Ji, J2 G 21, we say that J\ is an ancestor of J 2 if J2 can be partitioned in nonempty 
subsets J' 2 and J' 2 ' such that max < min J' 2 ' and Ji = J' 2 |J ( J2 — l) (by A — 1 we mean 
the left translate of a subset A of Z by 1). Each such partition is called an evidence of the 
fact that J\ is an ancestor of J 2 . We denote by #(Ji, J 2 ) the number of such evidences 
and we put #(Ji, J 2 ) = if J\ is not an ancestor of J 2 . Note that the property of being 
an ancestor is not transitive. 

If #(Ji, J 2 ) > 1, then max J 2 = 1 + max J\ and < dj 2 — dj x < 1. It is also easy to 
see that if dj x = <ij 2 , then #(Ji, J2) = 1. 

Let us construct now the family xj of integers by induction. Put = 1. Suppose 
that the numbers xj are defined for J G 21/v-i- Let J G 21at. Put 
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Clearly, xj is a positive integer for every J G 21. We leave for the reader the verification 
of the fact that for {ji,j 2 , ■ ■ ■ ,jd} G 21, 

(id-ii)! 



111' 2 & ./'•- :)!' 



Theorem 5.2. Zei N be a positive integer and lethl = {Uj}^ =l be unitary operators 
on Hilbert space. Suppose that f is a function in the Besov space B^ 1 . Then 

We need one more lemma. To state it, we introduce some more notation. For J G 21, 
we denote by £(J) the collection of nonempty proper subsets of J such that 

max A < min(J \ A). 

For A G £(J), we put 

A}= f J\A and A} d = A} U {max A}. 
If J is specified, we write A° and A* instead of A} and A}. 
Lemma 5.3. Let J G 2ljv-i- Then 

lj(U,f)-l J+1 (U,f)= £ 2au(A°+1)(W, /) + 2 AU(A»+1) /) + 2"ju{JV}(W, /)• 

Ae£(J) Ae£(J) 

Proof. The above identity can be verified straightforwardly if we observe that the 
multiple operator integral 

(£^7)(Ci,--- ,Cd)dfi(Ci)IlQ-id^(C-) 

d ~* 

is a multilinear function in the operators Q s and use the following easily verifiable iden- 
tity: 

II (Vf)((i,(2)dE 1 (( 1 )(U 1 -U 2 )dE 2 (( 2 ) = I f(()dE 1 (()- I f(()dE 2 ((). U 

Proof of Theorem 5.2. We argue by induction on N. For N = 1, we have 

f(U 1 ) = I /(Ci)dE(Ci). 

Suppose that the result holds for N — 1 unitary operators. Put U~ = f {fj+i}^ 1 - We 
have 

il{-V j - 1 ( N j lf)f(u j )= Y, xjZjQU) 

j=l V 7 JG2liv_i 
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and 

N-l 



T,(-iy- 1 ( N i _i)f(u j+1 )= Yl *jij{u-j)= £ *jij + i(u,f). 

i=i V ' Je2ljv_i Je2ljv_i 

It follows now from (5.4) and Lemma 5.3 that 

N / A \ 

J2(-iy- 1 ( j :l)f(u j )= y, *j{ij{u,f)-ij+i{uj)) 

j=l VJ J Je2ljv-i 

= Y KJ I XT :Z AU(A°+1)(^,/) + 2au(A»+1)(W,/) +Xju{at}(^,/) J . 

Je2tiv_i \Ae£(J) Ae£(J) / 

It remains to observe that a set J in 21^ _ x is an ancestor of a set Jo in 21 at if and only 
if J = A U (A° + 1) for some A G £(J) or J = A U (A* + 1) for some A G £(J) or 
J = JU{A^}. ■ 

Theorem 5.4. Let m be a positive integer and < a < m. Then there exists a 
constant c > such that for every f £ A a and for an arbitrary unitary operator U and 
an arbitrary bounded self-adjoint operator A on Hilbert space the following inequality 
holds: 



m / \ 

k=0 ^ ' 



< c 



Proof. For simplicity we give a proof for m = 2. The general case can be treated 
in the same way. We have to show that for < a < 2, there is a constant c > such 
that for every f £ A a and for arbitrary unitary operators U and V on Hilbert space the 
following inequality holds: 

\\f(VU) - 2f(U) + f(V*U)\\ < c\\f\\ Aa ||/ - V|| Q 

As in the proof of Theorem 5.1, we assume that f = f + and consider the expansion 

n>0 

Let N be the nonnegative integer such that 

2- N <\\I -V\\<2~ N+1 . (5.5) 

We have 

f{VU) - 2/(17) + /(V**7) = ^ (/ n (Vl7) - 2f n (U) + f n (V*U)) 

n<N 



+ E (/n(W)-2/„(C/)+/ n (V*C/)). 



n>N 
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Let T n = f n (VU) - 2f n (U) + f n (V*U). It follows from (5.3) that 

T n = 2 [[[ (V 2 f n )((,T,v)dE vu (()U(V-I)dE u (T)U(I-V*)dE v * u (v) 



+ J J (S)/ n )(C, r) dE vu {QU(V -21 + V*) dE v *u( T ). 
By (3.11), we have 

HI (S) 2 /n)(C, r, v) dE vu (()U(V - I) dEjj{T)U{I - V*) dE v * v (i 
On the other hand, by (3.7), 



<const 2 2n \\I-V\\ 2 . 



I f (S>/„)(C, r) dE vu (()U(V -21 + V*) dE v *u(T) 



< const 2 n ||V-2/ + V* 

< const 2 n ||/- VII 2 . 



Thus 



(fn(VU)-2f n (U) + f n (V*U)) 



n<N 



< const ||/-V|| 2 22n Wfn\W 



n<N 



< const V|| 2 ^ 2 2n 2-H|/|| Aa 

n<iV 

< const ||/ -V\\ 2 2 N ^\\f\\ Aa 

< const ||/|| A J|/-V|r 



by (5.5). 

To complete the proof, we observe that 



£ (fn(VU)-2f n (U) + f n (V*U)) 

n>N 



< E \\(fn(VU)-2f n (U) + f n (V*U))\ 

n>N 

< ^4||/ n || L ~< const ||/|| Aa ^2-™ 



n>N 



n>N 



< const ||/|| Aa 2- Ara < const ||/ - V|| Q 

by (5.5). ■ 

The following result gives an estimate for \\f(U) — f(V)\\ for functions / in the Zyg- 
mund class 

Theorem 5.5. There exists a constant c > such that for every function f G Ai and 
for arbitrary unitary operators U and V on Hilbert space the following inequality holds: 

\\f(U) - f(V)\\ < c ||/|| Al (2 + log 2 ) \\U - VII. 
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Proof. Again, as in the proof of Theorem 5.1, we assume that f = f + and iV is 
the nonnegative integer satisfying (5.2). Using the notation introduced in the proof of 
Theorem 5.1, we obtain 



E {MU) ~ fn{V)) 



n<N 



< Y,\\f"( U )-fn(V)\\ 

n<N 

< const E 2 n \\U-V\\ ■ ||/ n || L c 



n<N 



<const(l + iV)||/|| A J|C/-y| 



< const ll/H Aq 2 + log 2 



\u-v\ 



\u-v\\. 



On the other hand, 

E (UU)-fn(V)) 



n>N 



< E 2||/„||l~ < const E 2 " 



n>N 



< const 2 



-N 



n>N 

A < const ||/||a JU-V\\. 



In a similar way we can obtain an estimate for differences of order n and functions in 
A n for an arbitrary positive integer n. 

Let us obtain now an analog of Theorem 4.5 for unitary operators. Let U be a unitary 
operator and let A be a bounded self-adjoint operator on a Hilbert space TC. Suppose 
that / 6 A„. By Theorem 5.4, for every u, v £ 7i, the function 



on R belongs to the space A a (R). Thus for every g £ -Bf 
TZ?U A ■ K -> ^(W) such that 

(here we identify the dual space Q (R))* with A Q (R), see § 2.1). 



, we can define the operator 



Theorem 5.6. Let a > 0. TTien there exists c > swc/i i/iai for arbitrary unitary 
operator U and a boundary self-adjoint operator A, and for every g G a ( 



\Ka\\ - c W9\\b- 



\A\\ a . 



Proof. Clearly, 

\((K 9 UA f)u,v)\ < const || | 



< const u 



A a \\g\\ Br 
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6. The case of contractions 



In this section we obtain analogs of the results of § 4 and § 5 for contractions. Recall 
that if T is a contraction on Hilbert space, it follows from von Neumann's inequality 
that the polynomial functional calculus if ^ f(T) extends to the disk-algebra Ca and 
\\f(T)\\<\\f\\ CA ,feC A . 

Theorem 6.1. Let < a < 1. Then there is a constant c > such that for every 
f £ (A a )+ and for arbitrary contractions T and R on Hilbert space the following inequal- 
ity holds: 

\\f(T)-f(R)\\<c\\f\\ Aa -\\T-R\r. 

Proof. The proof of Theorem 6.1 is almost the same as the poof of Theorem 5.1. For 
/ G (A a ) + , we use expansion (5.1) and choose N such that 

2- N < \\T-R\\ < 2~ N+1 . 

Then as in the proof of Theorem 5.1, for n < N, we estimate ||/ n (T) — f n (R)\\ in terms 
of const 2~ n ||T — R\\ (see (3.18) and (3.7)), while for n > N we use von Neumann's 
inequality to estimate \\f n (T) — f n (R)\\ in terms of 2||/„||x,oo. The rest of the proof is the 
same. ■ 

Corollary 6.2. Let f be a function in the disk algebra and < a < 1. Then the 
following two statements are equivalent: 

(i) \\f(T)-f(R)\\< const \\T - R\\ a for all contractions T and R, 

(ii) \\f(U) — /(V)|| < const \\U — V\\ a for all unitary operators U and V . 

Remark. This corollary is also true for a = 1. This was proved by Kissin and 
Shulman [KS4]. 

The following result is an analog of Theorem 5.4 for contractions. 

Theorem 6.3. Let m be a positive integer and < a < m. Then there exists a 
constant c > such that for every f £ (A a )+ and for arbitrary contractions T and R on 
Hilbert space the following inequality holds: 



<c\\f\\ A \\T-R\\ a . 



fc=0 

To prove Theorem 6.3, we use the following analog of Lemma 4.3. 

Lemma 6.4. Let m be a positive integer and let f be a function of class {B™^ . If 
T and R are contractions on Hilbert space, then 

(I) /(r 

I J... |(S)-/)(Ci,--- ,(m + i)d£i((i)(T-R)---(T-R)d£ m+1 (( m+1 ), 



k=0 

m 



m 

m+l 
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where Sf~ is a semi-spectral measure of T + ^(T — R) . 
We conclude this section with an analog of Theorem 5.5. 

Theorem 6.5. There exists a constant c > such that for every function f G (Ai) + 
and for arbitrary contractions T and R on Hilbert space the following inequality holds: 

||/(T) - f(R)\\ < c ||/|| Al ^2 + log 2 ijy^ji) \\T ~ R\\- 



7. Arbitrary moduli of continuity 

In this section we consider the problem of estimating ||/(A) — f(B)\\ for self-adjoint 
operators A and B and functions / in the space A w (see § 2.2), where oj is an arbitrary 
modulus of continuity. For simplicity, we give complete proofs for bounded self-adjoint 
operators. The case of unbounded self-adjoint operators will be considered in [AP3]. We 
also obtain similar results for unitary operators and for contractions. 

We have mentioned in the introduction that a Lipschitz function does not have to be 
operator Lipschitz and a continuously differentiable function does not have to be operator 
differentiable. On the other hand, we have proved in § 4 that a Holder function of order 
a G (0, 1) must be operator Holder of order a as well as a Zygmund function must be 
operator Zygmund. Moreover, the same is true for all classes A a with a > 0. This 
suggests an idea that the situation is similar with continuity properties of the Hilbert 
transform. In this section we consider the problem for which moduli of continuity to the 
fact that / G A w implies that / belongs to the "operator space A^", i.e., 

||/(^) - /(£f)|| < co n sta;(||^ - £f||). 

We are going to compare this property with the fact that the Hilbert transform acts on 
A,,,. 

Given a modulus of continuity u, we define the function lu* by 

i-oo 

u*(x) = x J —j^-dt, x > 0. 

Theorem 7.1. There exists a constant c > such that for every modulus of continuity 
uj, every f G A W (R) and for arbitrary self-adjoint operators A and B, the following 
inequality holds 

||/(A)-/(B)||<c||/|| MK) a;,(||A-5||). 

Proof. Since A and B are bounded operators and their spectra are contained in [a, b], 
we can replace a function / G A U ,(R) with the bounded function f\, defined by 

' /(&), x > b, 

Mx) = I f(x), xe[a,b], (7.1) 
, f(a), x < a. 

Clearly, ||AIIa„(r) < ||/||a w (r)- Thus we may assume that / is bounded. 
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Let iV be an integer. We claim that 

N 

f(A)-f(B)= (fn(A)-f n (B)) + ((f-f*V N )(A)-(f-f*V N )(B)), (7.2) 

n=— oo 

and the series converges absolutely in the operator norm. Here f n = f* W n + f * Wn 
and the de la Vallee Poussin type kernel Vjv is defined in § 2.1. Suppose that M < N. 
Indeed, it is easy to see that 

f{A) - f(B) - f E (M A ) - f n (B)) + ((/-/* V N )(A) -(/-/* V N )(B))\ 

\n=M+l / 

= ((f-f*V M )(A)-(f-f*V M )(B)). 

Clearly, f — f * Vm is an entire function of exponential type at most 2 M+1 . Thus it 
follows from (3.8) that 

\\(f-f*V M )(A)-(f-f*V M )(B)\\ < const 2 M ||/|| L ooP- J B|| ^0 as M — > — oo. 
Suppose now that N is the integer satisfying (4.2). It follows from Theorem 2.4 that 
||(/ - / * V N )(A) -(/-/* V N )(B)\\ < 2||/ - / * V N \\ L ~ 

< const ||/|| Atj{M) ^(2- JV ) < const ||/||a w (m)^(||^ - B\\). 
On the other hand, it follows from Corollary 2.5 and from (3.8) that 

N N 

£ ||/„(A)-/ n (B)|| < const £ 2 n ||/ n || L ^P-i?|| 

n=— oo n=~oo 

N 

< const £ 2 n u(2- n )\\f\\ AUm \\A-B\\ 

n=— oo 

= const £ 2"- fc W (2- JV+fc ) ||/|| Aw(ffi) \\A - B\\ 

k>0 

< const QH i^rfA \\f\\ Aui{R) \\A-B\\ 

= const 2 N u* (2-^)11/11^^)11^-511 

< const \\f\\ A „(R)U* (\\A -B\\). 

The result follows now from the obvious inequality oj(x) < gj*(x), x > 0. ■ 

Remark. Obviously, if uj*(x) < oo for some x > 0, then tu*(x) < oo for every x > 0. 
It follows easily from PHopital's rule that in this case 

lim uj*(x) = 0. 
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Moreover, in this case uj* is also a modulus of continuity. Indeed, it is easy to see that 

= / — 2~ds 
Jl s 

which implies that 

w*(x + y) < uj*{x) + x, y > 

and 

< w*(y), < x < y. 

Note that if the modulus of continuity uj is bounded, then obviously, uj^x) < oo for 
every x > 0. In the case when yl and B are bounded self-adjoint operators and their 
spectra are contained in [a, b], we can replace / with the function /j, defined by (7.1) 
redefine the function uj on [b — a, oo) by putting = u;(o — a). Clearly, the modified 
modulus of continuity is bounded. 

Corollary 7.2. Let uj be a modulus of continuity such that 

uj*(x) < const u>(x), x > 0. 

Then for an arbitrary function f £ A W (R) and /or arbitrary self-adjoint operators A and 
B on Hilbert space the following inequality holds: 

H/04) - f(B)\\ < const ||/|| Aw(ffi) u(\\A - B\\). (7.3) 

In the next result we do not pretend for maximal generality. 

Corollary 7.3. Let uj be a modulus of continuity such that uj(2x) < xuj(x) for some 
x < 2 and all x > 0. Then uj*(x) < const uj{x) and 

||/(A)-/(B)||< const \\f\\ hwm oj{\\A-B\\) 

for arbitrary self-adjoint operators A and B. 

Proof. It is easy to see that 

/A lo §2 * 

uj(t) < x ( — J w{x), 

whenever < x < t. Thus 



wax) = x 



r^L dt < xx 1 " 1 "^ * u (x) t l ° g2 dt < uj(x). 

Jx t Jx 1 - log 2 X 



Remark. It is well known (see [Z], Ch. 3, Theorem 13.30) that if uj is a modulus of 
continuity, then the Hilbert transform maps A w into itself if and only if 

r x u(t) , f°° u(t) , 

/ —^-dt + x — y- dt < const u(x), x > 0. 
Jo t Jx t 

It follows from Corollary 7.2 that if the Hilbert transform maps A w into itself, then (7.3) 
holds. However, the converse is false. For example, we can take a bounded modulus of 
continuity uj such that uj(x) is equivalent to | logx| _a near the origin and a > 0. 

36 



In [FN] it was proved that if A and B are self-adjoint operators on Hilbert space whose 
spectra are contained in [a, b] and / is a continuous function on [a, b], then 

\\f(A) - f(B)\\ < 4 (log (p^j| + l) + - B\\), 

where 

u)f{8) = sup{|/(x) - f(y)\ : x,ye[a,b], \x-y\<6}. 
The following corollary improves the result of Farforovskaya and Nikolskaya. 

Corollary 7.4. Suppose that A and B be self-adjoint operators with spectra in an 
interval [a, b] . Then for a continuous function f on [a, b] the following inequality holds: 

\\f(A) - f(B)\\ < const log (p^| + l) <*f{\\A -B\\). 

Proof. Put u = u>f. Clearly, we may assume that uo{x) = u(b — a) for x > a. Using 
the obvious inequality 



we obtain 



, w(t) , f b - a w(t) , f°° u(t) , 

loJx) = x -Ar-dt = x Ar-dt + x I -Ar-dt 



, , f b ~ a dt Lu(b-a) n . b-a n , , 

< 2cu(x / — + x— '- < 2to(x) log + 2u(x) 

J x t b — a x 

, . , (b — a 
= 2w(a;)log h 1 



x 

The result follows now from Theorem 7.1. ■ 

Corollary 7.5. Let f be a Lipschitz function on R. Then for self-adjoint operators 
A and B with spectra in an interval [a,b], the following inequality holds 

\\f(A) - f(B)\\ < const ||/|| Lip log (p^| + l) P - B\\. (7.4) 

Note that a similar estimate can be obtained for bounded functions / in the Zygmund 
class Ai(R). This will be done at the end of the next section. 
Inequality (7.4) improves the estimate 

||/(A) - f(B)\\ < const ||/|| Lip (log (p^|| + l) + I)' P - B\\. 

obtained in [Fl] (see also [F2]). 

To conclude this section, we state analogs of Theorem 7.1 for unitary operators and 
for contractions. 
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Theorem 7.6. There exists a constant c > such that for every modulus of continuity 
to, for every f G A W; and for arbitrary unitary operators U and V, the following inequality 
holds 

\\f(U)-f(V)\\<c\\f\\ A ^*(\\U-V\\). 

Theorem 7.7. There exists a constant c > such that for every modulus of continuity 
id, for every f G (A a ,) + , and for arbitrary contractions T and R, the following inequality 
holds 

\\f(T)-f(R)\\<c\\f\\ ALJ ^(\\T-R\\). 

The proofs of Theorems 7.6 and 7.7 are similar to the proof of Theorem 7.1. Actually, 
they are even simpler, since we do not have to deal with convolutions with W n and wt 
with negative n which makes analogs of formula (7.2) trivial. 



8. Operator continuous functions and operator moduli of continuity 

In this section we introduce notions of operator continuous functions and uniformly 
operator continuous functions. We also define for a given continuous function on R the 
operator modulus of continuity associated with the function. We prove that a function 
is operator continuous if and only if it is uniformly operator continuous. 

Definition 1. For a continuous function / on R, we consider the map 

A^f(A) (8.1) 

defined on the set of (not necessarily bounded) self-adjoint operators. We say that / 
is operator continuous if the map (8.1) is continuous at every (bounded or unbounded) 
self-adjoint operator A. 

This means that if A is a (not necessarily bounded) self-adjoint operator, then for an 
arbitrary e > there exists 5 > such that \\f(A + K) — f{A)\\ < e, whenever K is a 
self-adjoint operator whose norm is less than S. 

Note that it is easy to see that if / is a continuous function on R, then the map 
(8.1) is continuous at every bounded self-adjoint operator A. Indeed, this is obvious for 
polynomials /. The result for arbitrary continuous functions follows from the Weirstrass 
theorem. 

Definition 2. Let / be a Borel function on R. It is called uniformly operator contin- 
uous if for every e > there exists 5 > such that ||/(^4) — f(B)\\ < e, whenever A and 
B are bounded self-adjoint operators such that ||^4 — 5|| < 5. 

Theorem 8.1. Let f be a bounded uniformly continuous function on R. Then f is 
uniformly operator continuous. 

Proof. Let to = ujf. Then a; is a bounded modulus of continuity, and so lu*(x) < oo, 
x > 0. The result follows now from Theorem 7.1 and the Remark following that theorem. 
■ 
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Definition 3. Let / be a continuous function on 

def 



Put 



n f (5) = sup\\f(A)-f(B)\\, 5>0, 

where the supremum is taken over all bounded self-adjoint operators A and B such that 
11^4 — B\\ < 5. We say that f2/ is the operator modulus of continuity of f. 

Note that it suffices to consider only operators A and B that are unitary equivalent 
to each other. Indeed, if A and B are self-adjoint operators on a Hilbert space H, we 
can define on the space TKBH the self-adjoint operators A and B by 

.0 l) and B= (o A, 

Obviously, 

\\A-B\\ = \\A-B\\ and \\f(A)-f(B)\\ = \\f(A)-f(B)\\. 
We have by Theorem 7.1, 

Wf(5) < Qf(S) < const w* (5) , 5 > 0. 



.4 



Theorem 8.2. Let f be an operator continuous function. Then 

and so f is uniformly operator continuous. 
Proof. Suppose that 

lim Qf(S) > cr > 0. 

Then there are sequences of self-adjoint operators {Aj}j>o and {Kj}j>o on Hilbert space 
H such that \\Kj\\ < 1/j and ||/(-Aj + Kj) — f(Aj)\\ > a. We define the operators A and 
R n on e 2 (H) by 



A 



hi 
h 2 



( 4)/i \ 

Aih x 
A 2 h 2 

V ; J 



and i? n 





K n +i h n+ i 



\ 



) 



Clearly, ||-R n || —>■ as n —>■ 0, while + R n ) — > cr for n > 0, and so the map 

(8.1) is not continuous at A. ■ 

Example. Consider the function g defined by g(t) = \t\, t G R. It was proved in [Ka] 
that the function g is not operator Lipschitz. It was observed in [FN] that the function 
g is not operator continuous. Let us show that 

Q g (S) = oo for every S > 0, 

which will also imply that g is not operator continuous. Indeed, suppose that Q g (5o) < oo 
for some 5q > 0. Since g is homogeneous, it follows that £l g (6) = 55Q 1 ^l g (5o) = const 5. 
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However, this implies that g is an operator Lipschitz function which contradicts the 
result of [Ka]. 

Theorem 8.3. Let A and B be a pair of (not necessarily bounded) self-adjoint oper- 
ators such that A — B is bounded. Then 

\\f(A)-f(B)\\<n f (\\A-B\\) 

for every continuous function f on R. 

To prove Theorem 8.3, we need a couple of lemmata. 

Lemma 8.4. Let f be a bounded continuous function on R. Suppose that A is a 
self-adjoint operator (not necessarily bounded) and {Aj}j>o is a sequence of bounded 
self-adjoint operators such that 

lim \\AjU — Au\\ = for every u in the domain of A. (8-2) 

Then 

lim f(Aj) = f(A) in the strong operator topology. (8-3) 

j— >oo 

Proof. We consider first the special case when f{t) = (A — £) -1 , A £ C\l. Let u be 

a vector in T>a, where T>a denotes the domain of A. Put u\ = f (XI — A)" 1 u. Clearly, 
u\ G T>a and 

(XI - AjY x u = {XI - A j )~ 1 (XI - A)u x 

= u\ + (XI — Aj)^ 1 (AjU — Au) — ► u\ as j — ► oo. 

Since the linear combinations of such rational fractions are dense in the space Co(M) of 
continuous functions on R vanishing at infinity, it follows that (8.3) holds for an arbitrary 
function / in C (R). 

Suppose now that / is an arbitrary bounded continuous function on R. By subtracting 
from / a continuous function with compact support, we may assume that / vanishes on 
[—1,1]. Then there exists a function g in Co(K) such that f(t) = tg(t), t £ I. Let 
u S T>a- We have 

f(Aj)u = g(A j )A j u = g(Aj)Au + g(A j )(A j u - Au) 

->■ g(A)Au = f(A)u as j ->■ oo. ■ (8.4) 

Lemma 8.5. Let f be a continuous function on R such that \f(t)\ < const(l + |t|), 
t 6 t and let A and {Aj}j>o be as in Lemma 8.4. Then 

lim 11/(^4,)^ — /(^uH = for every u 6 T>a- 

Proof. As in the proof of Lemma 8.3, we may assume that / vanishes on [—1, 1] and 
define the continuous function g by f(t) = tg(t), t G R. It follows now from Lemma 8.3 
that (8.4) holds for every u G T>a- ■ 
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Proof of Theorem 8.3. Clearly, if 0/(5) < oo for some 5 > 0, it follows that / 
satisfies the hypotheses of Lemma 8.5. Let K = B — A. Then K is a bounded self-adjoint 
operator. Put 

A/^ E A ([-j,j])A. 
Clearly, (8.2) holds. It follows easily from Lemma 8.4 that 

||/04 + K) - f(A)\\ < hmsup \\f(A 3 + K) - f(Aj)\\ < (lf{\\K\\). U 

Corollary 8.6. Let f be continuous function on M. Then f is operator continuous if 
and only if it is uniformly operator continuous. 

We conclude this section with an estimate for the operator modulus of continuity of 
a bounded function in the Zygmund class Ai (M) . The proof of the following theorem is 
similar to the proof of Theorem 3.4 of Ch. 2 of [Z]. 

Theorem 8.7. Let f be a bounded function in Ai(R). Then there exists c > such 
that 

n f (5)<c5log^ for 5<1. 

Proof. By Corollary 4.4, there is a constant c\ such that 

||/(.4 + 2K) - If {A + K) + f{K)\\ < ci||/|| Al(R) \\K\\. 
It is easy to see that 

||/04 + K) - f{A)\\ < l\\f(A + 2K) - 2f(A + K) + f(K)\\ 
+ l\\f(A + 2K)-f(A)\\. 

It follows that 

fy(t/2)< jll/lkcRjf+^M*), 

and so 

2 k - 1 n f (2- k t) - 2 k - 2 n f (2 1 ~ k t) < j||/|| Al (R)t, whenever k > 1. 

Substituting t = to = ^H/HX^rjII/IU 00 ' anc ^ keeping in mind the trivial estimate 
Mf(i) < 2||/||loo, t > 0, we obtain 

2"- 1 / (2-%)<(n+ 1)11/11^- 
Hence, for t = 2~ n to, n > 0, we have 

Therefore 

W)<ci\\f\\A lW tlogJ 8 f f f L °° ) for t<| 

V c iII/IIai(k)V 2 

and Sl f (t) < 2\\f\\ L oo for t > to/2. ■ 
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9. A universal family of self-adjoint operators 



In this section we construct a universal family of (unbounded) self-adjoint operators 
{A t } t >o such that the operators A t have purely point spectra and 

n f (t) = \\f(A t )-f(Ao)\\, t>0, 

for every continuous function /. In particular, \\A t — Aq\\ = t, t > 0. Moreover, the 
operators At, t > 0, are unitarily equivalent to each other. 

Denote by 8. the set of finite rank self-adjoint operators on Hilbert space and let &o 
be a countable dense subset of R. 

Lemma 9.1. Suppose that {Aj} be a sequence of bounded self-adjoint operators that 
converges to A in the strong operator topology. Then f{Aj) — ► f(A) strongly for an 
arbitrary continuous function f . 

Proof. The conclusion of the lemma is trivial if / is a polynomial. It remains to 
approximate / by polynomials uniformly on [ — sup^ \\Aj\\, sup,,- \\Aj\\\ . ■ 

Corollary 9.2. Let f G C(R) and t > 0. Then 

fl f (t) = sup {\\B - A\\ : A, B e 8q{H), \\B-A\\<t}. 

Proof. Clearly, we have to verify that the left-hand side is less than or equal to the 
right-hand side. Let A and B be bounded self-adjoint operators such that \\A — B\\ < t. 
Let {Aj} and {Kj} be sequences of operators in &o such that Aj — ► A, Kj — ► B — A in the 
strong operator topology, and \\Kj\\ < \\B — A\\ for all j. By Lemma 9.1, f(Aj) — > f(A) 
and f(Aj + Kj) — > f(B) strongly. Hence, 

\\f(B) - f(A)\\ < hminf \\f(Aj + Kj) - f(Aj)\\ 

which implies the desired inequality. ■ 

Suppose that {Rj}'jL 1 is an enumeration of £o- For given j > 1 and t > we consider 
the set 

%={i€^o: \\A-Rj\\ <t} 

and let {i$}" =1 be an enumeration of Put i?^ d ^ f i?,. 
We can define now a universal family {^4t}t>o by 

oo oo 

* = 0-1) 

i=l fc=l 

Theorem 9.3. T/ie operators At are pairwise unitarily equivalent. Each operator At 
has purely point spectrum. Moreover, for every continuous function f on M, we have 

\\f(A t )-f(A )\\=n f (t), t>0. 

Proof. It is easy to see that each operator in occurs in the orthogonal sum on 
the right of (9.1) infinitely many times and each operator in the orthogonal sum on the 
right of (9.1) belongs to ^o- Thus A t is unitarily equivalent to for all t > 0. 
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We have 



\\f(A t ) - f(A )\\ = SU p / (n®) - f « fc } ) = n,(t) 



by Corollary 9.2. ■ 



10. Commutators and quasicommutators 



In this section we obtain estimates for the norm of quasicommutators f(A)Q — Qf(B) 
in terms of \\AQ — QB\\ for self-adjoint operators A and B and a bounded operator Q. 
We assume for simplicity that A and B are bounded. However, we obtain estimates 
that do not depend on the norms of A and B. In [AP3] we will consider the case of 
not necessarily bounded operators A and B. Note that in the special case A = B this 
problem turns into the problem of estimating the norm of commutators f(A)Q — Qf(A) 
in terms of \\AQ — QA\\. On the other hand, in the special case Q = I the problem turns 
into the problem of estimating — f(B)\\ in terms \\A — B\\. 

Note that similar results can be obtained for unitary operators and for contractions. 

Birman and Solomyak (see [BS5]) discovered the following formula 



whenever / is a function such that the divided difference Df is a Schur multiplier with 
respect to the spectral measures Ea and Eb- 

We could use this formula to obtain estimates of quasicommutators as we have done in 
the case of functions of perturbed operators. However, we are going to reduce estimates 
of quasicommutators to those of functions of perturbed operators. For this purpose we 
obtain estimates that compare different moduli of continuities (the operator modulus of 
continuity, the (quasi) commutator modulus of continuity, etc). 

We start with the case of operator Lipschitz functions. 

The following theorem compares different operator Lpschitz norms and (quasi)com- 
mutator Lipschitz norms. The fact that they are equivalent is well-known, see [KS4]. 
The following theorem says that all those norms are equal. 

Theorem 10.1. Let f be a continuous function on M. The following are equivalent: 

(i) 1 1 /(.A) — f(B)\\ < \\A — B\\ for arbitrary self-adjoint operators A and B; 

(ii) \\f(A) — f(B)\\ < \\A — B\\ for all pairs of unitarily equivalent self-adjoint operators 
A and B; 

(iii) \\f(A)R — Rf(A)\\ < \\AR — RA\\ for arbitrary self-adjoint operators A and R; 

(iv) \\f(A)R — Rf(A)\\ < \\AR — RA\\ for all self-adjoint operators A and bounded 
operators R; 

(v) \\f(A)R — Rf(B)\\ < \\AR — RB\\ for arbitrary self-adjoint operators A and B and 
an arbitrary bounded operator R. 




fix) - m 



dE A (x)(AQ-QB)dE B (y), 



x-y 



Proof. The implication (i)=>(ii) is obvious. 
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Let us show that (ii)=>(iii). Put B = ex.p(—itR)Aexp(itR). Clearly, B is unitarily 
equivalent to A and f(B) = exp(— itR)f(A) exp(itR). Thus 

\\f(A) - exp(-itR)f(A)exp(itR)\\ < \\A - exp(-i£R)Aexp(M.R)|| for all t G R. 

It remains to observe that 



and 



^V(A)-eM-«RmA)eM*R)l\ = mA)R _ Rfm 



Mm ^-^(-mA^mw = UR _ RAl 



t^o \t\ 
To prove that (iii)=>(iv), we consider the following self-adjoint operators 

(A 0\ / R\ 

A = and U = [ 

\0 A) \R* 0/ 

It is easy to see that 

' f(A)R\ 



Hence, 



and TZf(A) = . 

o j \R*f(A) o y 

||/(^ - Kf{A)\\ = max - - i?7(A)||} 

and 

\\An-TZA\\ = max{||AR-iL4||, \\AR* - R*A\\} = \\AR-RA\\. 
It follows that 

\\f(A)R - Rf(A)\\ < \\f(A)K - Kf(A)\\ < \\AK - KA\\ = \\AR - RA\\. 
The implication (v)=>(i) is trivial; it suffices to put R = I. 

To complete the proof, it remains to show that (iv)=>(v). Let us first consider the 
special case when A and B are unitarily equivalent, i.e., A = U*BU for a unitary operator 
U and we prove that 

\\U*f(B)UR- Rf(B)\\ < \\U*BUR- RB\\. 
This is equivalent to the inequality 

\\f(B)UR-URf(B)\\ < \\BUR-URB\\ 

which holds by (iv). 

Now we consider the case of arbitrary self-adjoint operators A and B. Put 

(A 0\ (B 0\ (R o\ 

A = , B = , and n = 

\0 BJ \0 AJ \0 R*J 

Then A and B are unitarily equivalent. We have 

f(A)K= ( f ^ A)R ° | and nf{B)=[ Rfi " B) ° V 
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Hence, 

\\f(A)K - Kf{B)\\ = max{\\f(A)R - Rf(B)\\, \\f(B)R* - R*f(A)\\} 

and 

\\AK-KB\\ =max{\\AR-RB\\, \\BR* - R*A\\} = \\AR-RB\\. 
It follows that 

\\f(A)R - Rf(B)\\ < \\f(A)Tl - Kf(B)\\ < \\All - KB\\ = \\AR - RB\\. U 

In § 8 for a continuous function / on R we have defined the operator modulus of conti- 
nuity n f. We define here 3 other version of moduli of continuity in terms of commutators 
and quasicommutators. 

Let / be a continuous function on R. For 5 > 0, put 

nf(S) d = sup {\\f(A)R - Rf(A)\\ : A and R are self-adjoint, p|| = l}; 

nf(5) = sup {\\f(A)R-Rf(A)\\ : A is self-adjoint, ||i?|| = l}; 

nf(5) d = sup{||/(A)ii - Rf(B)\\ : A and B are self-adjoint, \\R\\ = l}. 

Obviously, ttf < ttf < tlf and Q f < tlf. 

Theorem 10.2. Let f be a continuous function on R. Then 

n f < nf = nf = nf < 2Si f . 

Proof. The inequality nf < nf can be proved in the same way as the implication 

(iii)=>(iv) in the proof of Theorem 10.1. The inequality ny < ny can be proved in the 
same way as the implication (iv)=^(v) in the proof of Theorem 10.1. It remains to prove 
that nf < 2$7j. We need two lemmata. 

Lemma 10.3. Let X and Y be bounded operators. Then 

\\XY n - Y n X\\ < nWYW^WXY - YX\\. 

Proof. We have 



\XY n - Y n X\\ < 



^Y k ^{XY -YX)Y n ~ i: 
k=i 



KnWYW^WXY -YX\\. 



Lemma 10.4. Let T be a self-adjoint operator such that \\T\\ < 1 and let X be a 
bounded operator. Then 

11(7 - T 2 f' 2 X - X(I - T 2 fl 2 \\ < 11/11 ' r V/ " TX " 



(1- IITH 2 ) 1 ^ 
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Proof. Let a n A ^ (-l)"" 1 ( ^ 2 



(I — T 2 )^ 2 X — X(I — T 2 ) 1 / 2 II _ 



. Then a n > and (1 - t 2 ) 1 / 2 = 1 - E a nt 2n ■ Thus 



n=l 



^a n (!T 2n -T 2n X) 



n=l 



< || AT - TX\\ ]T 2na n \\T\\ 2n - 1 



\XT-TX\ 



n=l 



(1_ || T ||2)l/2 



by Lemma 10.3. ■ 

Let us complete the proof of Theorem 10.2. Let R be a self-adjoint contraction and 
r G (0, 1). Consider the operators 

tr (i-r 2 R)y 2 \ 

-{I-t 2 R) 1 I 2 tR )' 

Clearly, U is a unitary operator. We have 

rf(A)R f{A){I-T 2 R 2 )V 2 \ 
-f(A)(I- T 2 R 2 )V 2 rf(A)R ) 













and U = 









f(A)U 



and 

Clearly, 
and 



Uf(A) 



rRf(A) (I-T 2 R 2 f' 2 f{A)\ 
-{I-T 2 R 2 ) l ' 2 f{A) rRf(A) ) 



\\f(A)U-Uf(A)\\>r\\f(A)R-Rf(A)\\ 
\\AU - UA\\ < t\\AR - RA\\ + \\A(l - t 2 R 2 ) 1 ' 2 - (I - t 2 R 2 ) 1/2 A\ 



< (r + r 2 (l - t 2 )- 1 ' 2 ) \\AR - RA\\ 
by Lemma 10.4. Hence, 

\\f(A)R - Rf(A)\\ < T^Wf(A)U-Uf{A)\\ = T-\\Wf{A)U - f(A)\\ 

< T^QfdlWAU - A\\) = T~ 1 n f (\\AU -UA\\) 

< t- 1 ^ ((r + r 2 (l - t 2 )' 1 ' 2 ) WAR - RA\\) . 

Taking r = 1/2, we obtain 

\\f(A)R - Rf(A)\\ < 2n f + WAR - RA\^j < 2n f (\\AR - RAW). ■ 

Remark. It can be shown that there exist a uniformly continuous function / and a 
positive number S such that 0/(5) < Q^(6). This will be shown in [AP3]. 

Now we can deduce from Theorem 10.2 analogs of Theorems 4.1 and 7.1 for quasi- 
commutators. 
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Theorem 10.5. Let < a < 1. Then there exists c > such that for every 
f £ A Q (R), for arbitrary self-adjoint operators A and B and a bounded operator R 
the following inequality holds: 

\\f(A)R - Rf{B)\\ < c ||/|| Aa(K) \\AR - ^ini^H 1 -". 

Proof. Clearly, we may assume that Q / 0. By Theorems 4.1 and 10.2, 



\\f(A)R-Rf(B)\\ = \\R\\ 



< const 



= const 



f{A) 



1 



\R\\ 
\\R\\ 



-R 



R 



W\ R ) m 



■{f(A)R-Rf(A)) 



A«(R) 



\AR- RBirilRW 1 -". 



Theorem 10.6. There exists c > such that for every modulus of continuity ui, for 
every f £ A a) (R), for arbitrary self-adjoint operators A and B, and a bounded nonzero 
operator R the following inequality holds: 

{ \\{f(A)R-Rf(A))\\ ^ 



\\f(A)R-Rf(B)\\<c\\R\\ UJ* i 
The proof of Theorem 10.6 is the same as the proof of Theorem 10.5. 



11. Higher order moduli of continuity 



In this section we obtain norm estimates for finite differences 



m , s 

(A£/)(^J>i r ^r )f(A + jK) 

3=0 V J J 



for functions / G A W;m (M) and self-adjoint operators A and K. For simplicity, we give 
proofs in this paper in the case of bounded operators and bounded functions /. Note 
that our estimate will not depend on the L°° norm of /, nor on the operator norm of 
A. In [AP3] we consider the case of an arbitrary (not necessarily bounded) self-adjoint 
operator A (though K still must be bounded) and an arbitrary function / G A Wim (R). 

We also obtain similar results for unitary operators and for contractions. 

Let to be a nondecreasing function on (0, oo) such that 

limo;(x)=0 and oj(2x) < 2 m uj(x) for x > 0. (11.1) 

Recall that A a;jm (R) is the space of continuous functions / on R satisfying 

def ||Ar/IU~ ^ ^ 
t>o w(t) 



Given a nondecreasing function oj satisfying (11.1), we define the function w* )Tn by 

. m f 00 u>(t) M f°° uj(sx) 

,: ,. m {x) = X m J dt = J l (IV - 



s m+l 
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Theorem 11.1. Let m be a positive integer. Then there is a positive number c such 
that for an arbitrary nondecreasing function uj on (0, oo) satisfying (11.1), an arbitrary 
bounded function f in A w m (M) ; and arbitrary bounded self-adjoint operators A and K 
on Hilbert space the following inequality holds: 

||(A^)(A)||< c ||/|| A ^ m(M) ^ m (||K||). 
Proof. As in the proof of Theorem 7.1, we can easily see that 

N 

(A?/)(A)= £ (A%f n )(A) + (A%(f-f*V N ))(A), 



n=— oo 



where as before, f n = f* W n + f * W\. 

Suppose that N is the integer satisfying (4.4). By Theorem 2.6, 

|| (A£(/ - / * V N ))(A)\\ < const ||/ - / * V N \\ L ~ 

< const \\f\\ ALjmm uj(2~ N ) < const ||/|| Aw , m (ffi)^*,m(||^||)- 
On the other hand, it follows from Lemma 4.3, (3.12), and Corollary 2.7 that 

\\{A%f n )(A)\\ < const 2™\\f n \\ L ~\\Kp < const ||/|| A ^ m(R) 2 m ^(2-") ||iq m . 

Thus 

N N 

J2 ||(AS/ B )(A)||< const £ ll/llA., m (R)2 m ^(2-")||K|r 

n=— oo n=— oo 

= ^2^- fc )-o;(2^)||/|| A _ (M) ||K|r 

fc>0 

^(f^*) ii/ii v»wii^ir 

= const2-^ m (2- Af )||/|| A ^ m(R) ||K|r 
< const ||/|| Aw m(K) a;*, m (||^||). 

This completes the proof. ■ 

Corollary 11.2. Let to be a positive nondecreasing function on (0, oo) such that 
lim uj(x) = and u(2x) < xu>(x) for some x < 2 m and all x > 0. Then for x > 0, we 

have uj* j7n (x) < const to(x) and so 

||(AS/)(A)||<c||/|| Awim(R)W (||«'||). 

The proof of Corollary 11.2 is the similar to the proof of Corollary 7.3. 

Corollary 11.3. Suppose that under the hypotheses of Theorem 11.1 ||/||z,°° < M. 
Then for the function uJ m ,M defined by 

( , m /•°° min(2M,||/|| Vm (t)) 
uj mM (x) = x J dt, 
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the following inequality holds: 

\\(A%f)(A)\\ < const \\f\\A^ m u m , M {\\K\\). 

The following analogs of Theorem 11.1 for unitary operators and for contractions can 
be proved in a similar way. 

Theorem 11.4. Let m be a positive integer. Then there exists a constant c > such 
that for every nondecreasing function ui on (0, oo) satisfying (11.1), for every f G A^m, 
and for an arbitrary unitary operator U and an arbitrary bounded self-adjoint operator 
A on Hilbert space, the following inequality holds: 

<c||/|| Aw , m a;, im (P||). 

Theorem 11.5. Let m be a positive integer. Then there exists a constant c > 
such that for every nondecreasing function uj on (0, oo) satisfying (11.1), for every 
f G (\>,m)+> an d for arbitrary contractions T and R on Hilbert space the following 
inequality holds: 

<c\\f\\ A ^, m {\\T-R\\). 
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